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Lipid membranes are self-assembled fluid bilayers of amphiphilic molecules [1] . Biological membranes contain a large number of mobile inclusions such as embedded proteins [2] . A large effort has been dedicated to understanding the interaction between inclusions, which may be direct (electrostatic and van der Waals), or mediated by the membrane itself [1] . Membranemediated interactions can be both short range or long range. Short-range interactions arise from the interference of the microscopic structural changes within the membrane that are caused by the presence of the inclusions. Marčelja [3] considered the change of the nematic order of the lipid chain segments; Owicki and McConnell [4] modeled the thickness variation of the membrane using a Landau expansion; Huang [5] and Dan et al. [6] introduced the curvature and the spontaneous curvature of the monolayer polar interface, respectively. These models predict nonmonotonical attractive and repulsive short-range interactions, relaxing exponentially on the scale of the membrane thickness (i.e. typically the inclusion size).
At separations much larger than the membrane thickness, all microscopic distortions have relaxed and the membrane can be considered as a thin film with only curvature elasticity. Goulian et al. showed that membrane fluctuations give rise to a Casimir-like force between • , α = 30
• , Θ = 120
inclusions [7] . This interaction is attractive and decays as −6k B T (a/r) 4 , where a is the radius of the inclusion and r is the separation. In addition, conical inclusions with angle α experience an elastic, mean-field, repulsive interaction, decaying as 8πκα 2 (a/r) 4 [7] , [8] , where κ is the membrane bending rigidity. Since biological membranes typically have κ ∼ 25 k B T , this elastic repulsion overcomes the Casimir attraction as soon as α & 5
• . The latter long-range interactions were calculated for inclusions embedded in a planar membrane; however, in nature, proteins are often found in vesicles, or liposomes [2] . In this work, we calculate the long-range elastic interaction between conical inclusions in a spherical vesicle.
We consider two transmembrane inclusions in a vesicle, assumed identical for the sake of simplicity. The membrane shape is parameterized by the relative height displacement u around a reference sphere of radius r 0 , r = r 0 [1 + u(θ, φ)] in spherical coordinates. Generalizing the flat membrane case treated in [7] , we model the inclusions as spherical caps with radius r 0 , lying on the reference sphere and imposing conical boundary conditions:
as expressed in local spherical coordinates centred on the inclusion i (i = 1, 2). Here, ψ is the angular radius of the inclusions, α the contact angle between each inclusion and the membrane, and β 1 a small tilt angle free to adjust to equilibrium, see fig. 1a ). The total vesicle energy is given by the integral over the membrane of the curvature energy density
2 +κ c 1 c 2 [9] , where c 1 and c 2 are the membrane principal curvatures, κ the bending rigidity andκ the Gaussian rigidity. Using the Gauss-Bonnet theorem [10] , it can easily be shown that the Gaussian curvature term is exactly 4πκ cos(ψ − α). We can therefore discard it, since it does not depend on the inclusion separation, as in the case of flat membranes [7] . We are thus left with only the bending energy, which to second order in u is given by [11] F = 2κ
where D is the unit sphere deprived of the inclusions, ∇ = e θ ∂/∂θ + e φ (sin θ) −1 ∂/∂φ, e θ and e φ being the unit vectors in the θ and φ directions, respectively, and
We consider a vesicle made of a fixed number of phospholipids, such that its surface is constant. However, for the sake of simplicity, we do not constrain its volume. This is reasonable at low osmotic pressures, since membranes are permeable to water. We fix the vesicle surface [11] 
by adding to the energy the term F λ = λ κS/r 2 0 , where λ is a dimensionless Lagrange multiplier. Note that the energy (2) is independent of r 0 , while the surface (3) is simply proportional to r 2 0 , which is absorbed in the Lagrange multiplier. This results in a global scale invariance with respect to r 0 .
The equilibrium shape of the vesicle is solution of the Euler-Lagrange equation associated with the functional F + F λ ,
Its general solution can be obtained in the form of a multipole expansion, u(θ, φ) = −1 + ∞ n=0 u n (θ) cos (nφ). The independent solutions u n (θ) that do not diverge in θ = π (i.e. at the anti-pole) can be found by making the substitution s = cos θ and looking for a Frobenius series of the kind
The analyticity in s = −1 (θ = π) requires ν = n/2. The coefficients χ nk are then determined from (4) by the recurrence relation (for k ≥ 2)
Two independent solutions u
n (θ) and u (2) n (θ) are found by choosing for (χ n0 , χ n1 ) either (0, 1) or (1, 0). Note that these solutions are also correct if the membrane is stretched, in which case λ plays the role of the surface tension. Finally, we write u as a sum of two symmetric multipole expansions centred on the two inclusions:
We then express the local coordinates of inclusion 2 in terms of those of inclusion 1 and of their angular separation Θ:
Expanding (7) with the relations (8) in a Fourier series of φ 1 , and matching the boundary conditions (1) in θ 1 = ψ, yields a linear system of equations in the unknowns A ni . Note that the coefficients A ni depend linearly on the tilt angle β of the inclusions. The latter can be determined by extremizing the energy F + F λ with respect to β, which is equivalent to setting • data is due to numerical errors. to zero the generalized torque
obtained by integrating by parts the variation δ(F + F λ ), and letting δu = δβ sin ψ cos φ 1 and ∂(δu)/∂θ 1 = δβ cos ψ cos φ 1 on the boundary. By truncating the expansion (7) to a finite n = N and imposing the boundary conditions on the first N + 1 Fourier harmonics, we now have 2N + 3 linear equations for the 2N + 3 unknowns β, A 01 , A 02 , . . ., A N1 , A N2 . We solve this system numerically, checking the convergence against increasing N . Usually, only a few harmonics (N ∼ 4-5) are required; however, we put everywhere N = 10.
Since the inclusions repel each other [7] , in the minimum-energy configuration they sit at the antipodes of the vesicle, at an equilibrium distance d e = S/π δ(ψ, α), according to the global scale invariance. In principle, we are free to choose arbitrarily the reference sphere about which the inclusions are bound to lie. However, in order that the minimum-energy configuration corresponds exactly to our anti-polar configuration Θ = π, we take r 0 = d e /2, which amounts to adjusting S to the value S e such that S e /(4πr 2 0 ) = δ −2 (ψ, α). This also ensures that the deformation u remains small for small contact angles α. The ratio of the vesicle's surface to the inclusion's surface is then controlled by ψ. S e can be determined by imposing dβ/dΘ | Θ=π = 0. In fact, for Θ = π, by symmetry β = 0, and if S < S e (respectively, S > S e ), a small decrease of Θ from π yields a negative (respectively, positive) β. Figure 1b ) depicts a typical equilibrium vesicle's shape. The excess curvature energy ∆F(Θ) = F(Θ) − F(π), for a fixed contact angle α = 20
• and various inclusion's sizes ψ, is shown in fig. 2 . As Θ is swept, the surface is kept constant by adjusting the Lagrange multiplier λ. A convenient measure of the inclusions' distance is t = tan(Θ/2), which goes to +∞ at the maximum separation Θ = π. By plotting ln(∆F) as a function of ln t, three different regimes can be evidenced. At small separations (ln t large negative), ∆F ∼ t −4 , as in the case of planar membranes [7] . Around Θ = π (ln t large positive), ∆F ∼ t −2 , which reveals a quadratic minimum. In between, an intermediate power law regime ∆F ∼ t −µ is present. By changing the contact angle α, we observe that ∆F ∝ α 2 . In particular ∆F remains unchanged as the sign of α is reversed (while the total energy F shifts linearly with α). These observations suggest to fit the data with the following ansatz:
Because of the interference between the t −4 and t −2 regimes, the intermediate exponent µ is best determined at small ψ's, where the three power laws are well resolved. Fitting (10) to the numerical values corresponding to ψ = 1
• and α = 20
• , we get
By fixing µ = 1/3 for simplicity, we obtain the best fits shown in fig. 2 . From the latter, we determine the dependence of the coefficients A(ψ), B(ψ), c(ψ). The slopes of ln A and ln B as a function of ln ψ (see fig. 3 ) indicate that A ∼ ψ 4 , B ∼ ψ 2 , while c is constant. In fact, for small ψ and Θ, we expect the vesicle's curvature to be irrelevant; therefore we should recover the interaction energy for planar membranes 8πκα
, where a = r 0 ψ is the radius of the inclusions and d = r 0 Θ ≈ 2r 0 t their separation [7] . Accordingly, in fig. 3 we have plotted the dependence
which is indeed in very good agreement with the numerical values for small ψ. Finally, a numerical fit of the B(ψ) and c(ψ) data gives
To conclude, we have studied the long-range elastic interaction between two identical conical inclusions in a spherical vesicle with fixed surface. Note that at very short distances, other interactions (e.g., due to a local stretching of the membrane) should be added; however they relax exponentially at the scale of the bilayer thickness [6] . We find the long-range interaction always repulsive and proportional to the square of the contact angle α. Even upside-down symmetric inclusions (α = ψ) repel each other in a vesicle. At small separations, for which the vesicle's curvature is irrelevant, we recover exactly the d −4 interaction law of Goulian et al. [7] . For separations greater than Θ c ≈ 1.1 ψ 0.54 (as determined from the crossover between the t −4 and t −µ laws), the interaction becomes much stronger than in the flat-membrane case, decaying now as roughly d −0.33 . The physical reason for this resurging of the interaction is the spherical topology. In a flat membrane, the weakness of d −4 interaction results from a fine optimization of the shape of the membrane between the inclusions (an almost perfect saddle with very little curvature energy) which is no longer possible when the membrane starts bending into a sphere. Explicitly, for typical liposome of diameter 1000Å, carrying conical proteins with radius ∼ 50Å (ψ ∼ 5
• ) and contact angle α ∼ 20 • , the repulsive force is about 100 times larger than it would be in a flat membrane at the same separation. On a weakly curved surface with curvature radius R, the critical angle Θ c corresponds to a separation d c ≈ 1.1 a (R/a) 0.45 . At large separations, the elastic interaction dominates both van der Waals and screened electrostatic ones. However, its magnitude becomes rapidly smaller than k B T , as for flat membranes. In the above example, for κ ∼ 25 k B T , the variation of the elastic energy from the anti-polar configuration is ∼ k B T for a separation of 20
• and only ∼ 0.1 k B T at 90
• .
Nonetheless, in the case of a diluted gas of inclusions with ψ ∼ 5
• and α ∼ 20
• , we calculated the second virial coefficient B ∼ 1.0 (in steradians), to be compared with a "hard-sphere" value B ∼ 0.05 and the value B ∼ 0.25 for the d −4 law. In the case of a large number of inclusions in which screening effects are important, it would be worth studying the N -body interaction, e.g., with the Wigner-Seitz method used in [4] , [6] . ***
